We describe the use of rational B{spline motions for the solution of motion design problems. It is shown that such motions possess two kinds of control structures suitable for interactive design or geometry processing, respectively. A main advantage of the proposed technique over previous approaches is that it is built directly onto standard CAD algorithms and thus it inherits their advantages. As examples, we brie y examine interpolation problems and relations to rational curves and surfaces with rational o sets.
Introduction
This paper reports on recent progress in a research direction that tries to combine methods from kinematics and computer aided geometric design in order to solve motion design problems. This has applications in several areas. For example, in computer animation one often wants to design a smooth motion of a camera that interpolates or approximates some given positions (key frames). Other applications are in mechanical systems animation or motion planning for industrial robots.
Based on a paper by Shoemake 26 , several authors have developed motion design techniques by translating subdivision or tracing algorithms from Computer Aided Geometric Design (CAGD) into kinematic geometry 1;11;12;13 . The most general form of this approach is due to Park and Ravani 24 who studied Bezier curves in Riemannian manifolds and Lie groups. The methods developed in these papers are de nitely capable to solve some application tasks. However, they have drawbacks rooted in the nonlinearity of the schemes. For example, translating de Casteljau's evaluation algorithm for B ezier curves into spherical kinematics one loses its subdivision property.
On the other hand, translating a subdivision scheme makes interpolation a time consuming nonlinear problem. Moreover, the control structures are not linear and this reduces their power for geometry processing. Finally, the resulting motions have no description in terms of current CAD/CAM standards.
In order to avoid the above problems, rational B{spline motions have been introduced and studied in several contributions by J uttler and the rst author 15;16;17;18;27;28 . As we will brie y describe in this paper, these motions have both a linear control structure suitable for geometry processing and also a non-linear kinematic control structure for interactive design. Many CAGD{algorithms are directly applicable and e cient interpolation and approximation algorithms are available. We will also point out the close connection of rational motions with another topic from CAGD, namely Pythagorean hodograph curves and surfaces 8;9;10;22;23 . Those possess rational o sets and are therefore suitable for applications such as the description of cutter paths for NC milling or path planning for layered manufacturing techniques. In our context, PH curves arise in the simulation of the motion of a car.
B{spline representation of piecewise rational motions
Consider two real Euclidean 3-spaces, the xed space E 3 and the moving space b E 3 . We will work in the projective extensions P 3 25 , and J uttler 15 .
According to the theorem of Curry and Schoenberg 5 every piecewise rational motion M(t) can be written in B{spline representation as
with the normalized B{spline basis functions N k i:T (t) of degree k over an appropriate knot vector T (see e.g. 
In general the submatrices S i are not orthogonal. Thus the matrices A i describe a ne control positions of the moving space b E 3 . For a unique determination of the matrices A i we use additional a ne weight positions spanned by the matrices Q i =A i +A i+1 , analogously to the weight points of rational B{spline (NURBS) curves introduced by Farin 7 . Figure 1 shows the complete control structure of a rational B{spline motion formed by the control positions A i and the weight positions Q i . Note that control and weight positions of a rational B{spline motion cannot be chosen arbitrarily since the resulting motion M(t) in general will be an a ne motion.
The B{spline representation of piecewise rational motions has been studied in a sequence of papers by J uttler and the rst author 16;17;18;27;28 . If this representation is used, the trajectory p(t) of any point b p2 b E 3 is given in NURBS form
with control points p i = A i b p and weight points f i = Q i b p. Figure 1 contains an example of such a NURBS trajectory. In case of w i:0 0, i=0; : : :; m, the convex hull property for NURBS curves (see e.g.
Hoschek and Lasser 14 , p196) holds for each trajectory. Any curve p(t) of type (4) lies in the union of the convex hulls of every k+1 consecutive control points. Consequently, M(t) ful lls the convex hull property with respect to its control positions. If additional knots are inserted or M(t) is subdivided into two or more motion segments by applying de Boor's algorithm, the union of these convex hulls converges to the volume traced out by the moving object (Fig. 2 ). This property can be used for the formulation of 
Computation of rational B{spline motions
In order to compute the control and weight positions of a rational B{spline motion we use a special representation formula for piecewise rational motions which has been discussed by J uttler 15 . For every piecewise rational motion of degree k there exists a representation
1 C A ; (6) where the We assume that the rational B{spline motion (2) is given by B{spline functions v 0 (t), v 1 (t); : : :; v 3 (t), and d 0 (t); : : :; d 3 (t) of proper degrees. Then the control positions A i result from inserting these functions into the representation formula (5) . For the calculation of spline products we just may apply either product formulae for B{spline basis functions (see M rken 20 ) or the algorithm of Lee 19 . Another method for computing the control positions based on knot insertion and knot removal has been discussed by J uttler and the rst author 18 .
Interactive design of rational B{spline motions
Interactivity is an important matter for the practical use of design techniques in Computer Graphics. In case of a rational B ezier or B{spline curve, interactive shape control is done by choosing the control and weight points of the curve. In contrast to this we are not able to choose the control and weight positions of a rational B{spline motion arbitrarily. In the following, we divide the designing process into two parts. Firstly the design of the spherical part of the motion (origin of b E 3 xed) and secondly the design of the translational part, i.e. the trajectory of the origin of b E 3 .
According to equation (5) (5) induces a mapping from points of P 3 onto spherical positions. It is the so-called spherical kinematic mapping 2 . A straight line in this special con guration space P 3 corresponds to positions from a continuous rotation. Moreover, it is natural to equip P 3 with an elliptic metric; then the elliptic distance of two points equals half of the rotation angle between the corresponding spherical positions. In this point of view, we are mapping the ordinary control structure of a rational B{spline curve in P 3 onto our spherical control gure. We also see that the weight position W i must lie in the continuous rotation between consecutive control positions S i and S i+1 (cf. Fig. 3 ).
To make interactive design possible, one therefore has to provide possibilities for adjusting the spherical control and weight positions properly. This can be done, for instance, by using a drag and drop technique on the unit sphere in IR 3 , where the corresponding control and weight positions are illustrated with help of a moving spherical gure, see Fig. 3 . Often, it will be su cient to set the weight position W i automatically as middle position in the shortest continuous rotation between S i and S i+1 . Of course, this is well de ned only if the rotation angle is di erent from . Mathematically, the default amounts to setting i = i+1 =1, where consecutive unit vectors e d i and e d i+1 have to possess a positive scalar product (which equals the cosine of half of the rotation angle). After having xed the spherical control and weight positions, the control matrices A i from (2) except of the entries w i:1 , w i:2 , and w i:3 , result from inserting (7) into (5) . Notice that if one intends to design a rational motion of odd degree, one has to prescribe an additional function v 0 (t) which is at least linear (degree elevation of the spherical rational motion). The second part of the designing process takes place in the xed space E 3 . Since size and orientation of the control positions are already known, the translational part of the motion can be designed via a drag and drop technique of the control positions of the moving object. We may perform arbitrary translations onto them, see 
of the matrices A i . Fig. 4 . Interactive design of the translational part of a rational B{spline motion.
Interpolation with rational B{spline motions
Let us consider a set of n+1 positions P i of b E 3 with given parameters t i . We now want to construct a rational B{spline motion M(t), which interpolates P i at instant t i . This interpolation problem has already been addressed by J uttler and the rst author 17;18 . In this contribution we present a di erent solution.
For the sake of simplicity we assume that the positions 
The existence and uniqueness of a solution of (11) 
Planar rational B{spline motions
In the following, we are interested in planar motions (cf. Wagner 27;28 ). Let us therefore consider two real Eulidean planes, the xed plane E 2 and the moving plane b E 2 . Analogously to the spatial case we will work in the projective extensions P 2 
such that the position p2E 2 of a point b p2 b E 2 results from p=M b p. Analogously to spatial piecewise rational motions every planar piecewise rational motion can be written in B{spline representation as
with control positions E i and weight positions F i = E i +E i+1 . It is easily seen that the control and weight positions are similar to each other. We therefore speak of equiform positions. Figure 6 shows an example of a control structure of a planar rational B{spline motion. (16) and (17) there exists a one to one corresponence between (piecewise) rational curves of P 3 and planar (piecewise) rational motions of b E 2 . Moreover one can prove that a continuous rotation or translation corresponds to a straight line in P 3 and vice versa. (18) into (17) . Note that the control structure of (18) Figure 7 (cf. Wagner 27 ). This is exactly the planar counterpart to the spherical case studied in section 4. Another possibility for the construction of planar rational B{spline motions is based on a representation formula which is an immediate consequence of equation (17) 1 C A ; (19) where r 0 and r 1 are piecewise polynomials of maximum degree l, 0 2l k, v 1 and v 2 are piecewise polynomials of maximum degree k, and v 0 is a piecewise polynomial of maximum degree k?2l.
Rational motions and rational PH curves and surfaces
Let us consider a planar rational curve with the inhomogeneous rational representation c(t). With n(t) as unit normal vector of c, the o set at distance d is c d (t) = c(t) + d n(t): (20) Since n(t) is in general not rational, this is in general not a rational curve. The importance of o set curves, e.g. in the description of milling processes, motivated Farouki and Sakkalis to introduce Pythagorean{hodograph (PH) curves 8;9;10 . These are polynomial curves with rational n(t) und thus they possess rational o sets. The entire class of rational curves with rational o sets (rational PH curves) has been studied and made accessible for interactive curve design by the second author 22;23 . Moreover, an explicit representation of all rational surfaces with rational o sets has been given 22 . We will now see the close relation to rational motions. Under a planar rational motion, any line of the moving system possesses a rational curve in the xed system as envelope, since the dual representation of the motion is also rational. Furthermore, a pencil of parallel lines of the moving plane envelopes a family of o set curves in the xed plane. Therefore, the envelopes of straight lines are rational PH curves. On the other hand, given a rational PH curve c, the motion of the Frenet frame along c is a rational motion, as we will describe in more detail below.
Thus we can state: rational PH curves are exactly the envelopes of straight lines under planar rational motions. Analogously one can prove that rational PH surfaces are exactly the envelopes of planes under one-or two-parameter spatial rational motions. Here, one-parameter motions generate developable PH surfaces.
Let as assume we would like to simulate a moving car, say for an animation. If the purpose of the animation admits a simpli cation to a planar motion, the steering geometry implies that the instantaneous pole is on the rear axle. Hence, the motion is the Frenet frame motion along the path of any xed point of the rear axle, say the midpoint. At any time instant, the instantaneous pole is the center of curvature of this path c (Fig. 8) . In other words, the evolute c serves as xed polhode and the rear axle as moving polhode. To design such a motion with a rational one, the curve c must be a rational PH curve, since the tangent of c is xed in the moving plane. Then, the Frenet frame motion along c is clearly rational since both the unit tangent and the unit normal vector depend rationally on the curve parameter t. A comparison with the representation formula for rational PH curves 22;23 shows that we can prescribe polynomials a; g; r 0 ; r 1 (21) into (19) (dots indicate derivatives) and end up with the rational Frenet frame motion along the trajectory of the origin of b E 2 . Thus, the design of a NURBS \car motion" is equivalent to the design of the piecewise rational PH curve c. For that we can use the methods from PH curve design ( Fig. 8 is based on a rational PH quintic 23 ) . However, because of the limited steering angle, one has to take care that the radius of curvature is greater than a certain threshold. Note that this is not ful lled in Figure 8 .
Conclusions and future research
We have shown that rational B{spline motions are capable to solve motion design problems without big e ort since most of the standard CAGD algorithms are directly applicable to this class of motions. Due to space limitations, we have tried to give just a survey of some central ideas, in particular of the various control structures. Several interesting additional features of NURBS motions could not be addressed, such as the dual control structure and the corresponding simpli cations in the computation of envelopes. For details on that and on other interpolation or approximation techniques we refer the reader to the literature 15;16;17;18;27;28 .
Despite the progress in this eld, there are still many open questions some of which we are currently investigating. For example, we are working on motion smoothing techniques that would allow to obtain smoother motions from initial solutions. Furthermore, interpolatory subdivision schemes that proved to be powerful techniques in curve and surface design seem to be of interest for motion design as well. Finally, we want to include the presence of obstacles into our motion planning algorithms.
